Abstract: We study the Fourier series of functions related to sum of products of Bernoulli polynomials and either Euler or Genocchi polynomials. As consequences, several new identities for the Bernoulli, Euler, and Genocchi functions and numbers are derived.
Introduction
We know that Bernoulli, Euler and Genocchi numbers and polynomials appear everywhere in mathematics (for example, see [1, 6, [14] [15] [16] 18, [21] [22] [23] respectively, for any real number x, namely x ∈ R. For instance, B 0 (x) = E 0 (x) = G 1 (x) = 1, G 0 (x) = 0, B 1 (x) = E 1 (x) = x − 1/2, B 2 (x) = x 2 − x + 1/6, E 2 (x) = x 2 − x, G 2 (x) = 2x − 1, B 3 (x) = x 3 − 3x 2 /2 + x/2, and E 3 (x) = x 3 − 3x 2 /2 + 1/4, and G 3 (x) = 3x 2 − 3x. Clearly, 
whereB m (x) = B m ( x ).
The Fourier series of a periodic function f (x) with period 1 is given by
where the coefficients f n are given by f n = 1 0
f (x)e −2πinx dx (for example, see [2, 3, 8-11, 16, 20, 24-26] ), where i 2 = −1.
The aim of this paper is to consider the Fourier series ofα m (x),β m (x),γ m (x),δ m (x),η m (x) andθ m (x), which lead to several new identities for the Bernoulli functions and numbers, see the next three sections. 
To proceed further, we note the following lemma.
Moreover, α m (1) = α m (0) if and only if Λ m = 0, and β m (1) = β m (0) if and only ifΛ m = 0.
as claimed. Now, we are ready to determine the Fourier coefficients A
n . The case n = 0 follows from Lemma 1, that is,
Thus, let us assume that n = 0. By Lemma 1, we have
Note that A
(1)
. So, by induction on m, we obtain
where m ≥ 1 and
for m ≥ 2. (4) and (5), we havẽ
where we define Z = Z\{0}. Thus, by (1) and (2), we obtaiñ
for all x ∈ R. Thus, we can state the following results. 
for all x ∈ R, where the convergence is uniform. Moreover,
Theorem 3. Let m be an integer ≥ 2, withΛ m = 0. Then the functionβ m (x) has the Fourier series expansioñ
Case
). So, the functionsα m andβ m are pointwise C ∞ and discontinuous with jump discontinuities at integers. Thus, the Fourier series ofα m (x) andβ m converge pointwise tõ α m (x) andβ m for all x ∈ Z, and converge to
for all x ∈ Z. Then, by Theorems 2 and 3, we obtain the following results.
Theorem 4. Let m be a positive integer with Λ m = 0. Then
E m−1 for all x ∈ Z, where the convergence is pointwise. Moreover,
equalsα m (x) for all x ∈ Z and
Theorem 5. Let m be an integer ≥ 2 withΛ m = 0. Theñ
equalsβ m (x) for all x ∈ Z and
In [13, 19, 20] , it has been shown that
Thus, by Lemma 1, we establish the following identity 
respectively.
Define
To proceed further, we note the following lemma. Proof. Recall that n . The case n = 0 follows from Lemma 6, that is,
Thus, let us assume that n = 0. By Lemma 6, we have
.
Note that B
where m ≥ 1 and (6), (7) and (8), we havẽ
for all x ∈ R. Thus, we can state the following results.
Theorem 7. Let m be a positive integer with Ω m = 0. Then the functionγ m (x) has the Fourier series expansioñ
for all x ∈ R.
Theorem 8. Let m be an integer ≥ 2 withΩ m = 0. Then the functionδ m (x) has the Fourier series expansioñ
Assume next that m is a positive integer with )). So, the functionsγ m andδ m are piecewise C ∞ and discontinuous with jump discontinuities at integers. Thus, the Fourier series ofγ m (x) andδ m converge pointwise toγ m (x) andδ m for all x ∈ Z, and converge to
for all x ∈ Z. Then, by Theorems 7 and 8, we obtain the following results. for all x ∈ Z.
Thus, by Lemma 6, we establish the following identity Define
, for all m ≥ 2. To proceed further, we note the following lemma. Proof. Recall that
as claimed. Now, we are ready to determine the Fourier coefficients C
n . The case n = 0 follows from Lemma 11, that is,
Thus, let us assume that n = 0. By Lemma 11, we have
One shows that for ≥ 1,
Thus,
where
where m ≥ 2. Similarly, one can show that
for m ≥ 2.
Lemma 12. We have
Proof. We present only the proof of the first identity, as that of the second one is analogous. By the definitions, we have
Thus by interchanging the order of the sums, we obtain
as required.
Hence, by (10) and (11) with using Lemma 12, we obtain (9), (12) and (13), we havẽ
Thus, by (1) and (2), we obtaiñ
Theorem 13. Let m ≥ 2 be an integer with ∆ m = 0. Then the functionη m (x) has the Fourier series expansioñ
Theorem 14. Let m ≥ 2 be an integer with∆ m = 0. Then the functionθ m (x) has the Fourier series expansioñ
for all x ∈ R. for all x ∈ Z.
In [13, 19, 20] has been shown that 
